Abstract. In this paper, for a possibly singular complex variety X, generating functions of total orbifold Chern homology classes of the symmetric products S n X are given. Those are very natural "class versions" of known generating function formulae of (generalized) orbifold Euler characteristics of S n X. The classes work covariantly for proper morphisms. We state the result more generally: let G be a finite group and Gn the wreath product G ∼ Sn. For a G-variety X and a group A, we give a"Dey-Wohlfahrt type formula" for equivariant Chern-SchwartzMacPherson classes associated to Gn-representations of A. In particular, if X is a point, this recovers a known exponential formula for counting the numbers |Hom(A, Gn)|.
Introduction
Let X = X/G be a quotient variety of a (possibly singular) complex algebraic variety X with an action of a finite group G. The Euler characteristic and physist's one have been well studied (Hirzebruch-Höfer [4] ):
where X g is the set of fixed points of g and X h,g := X h ∩ X g , and the second sum runs over all pairs (h, g) ∈ G × G such that gh = hg. Also there are orbifold Euler characteristics χ m (X; G) associated to mutually commuting m-tuples; χ = χ 1 , χ orb = χ 2 (Bryan-Fulman [2] , Tamanoi [13] ). The aim of this paper is to generalize those characteristic numbers to certain equivariant Chern classes in connection with classical enumerative problems in group theory ( [17] , [16] ) from the viewpoint of the author's previous work [10] . We may deal with a non-compact variety, that is locally compact, so we let χ(·) denote the Euler characteristics for Borel-Moore homology groups, or equivalently cohomology groups with compact supports, throughout. For the category of complex algebraic varieties and proper morphisms, there is a general theory of Chern homology classes (R. MacPherson [8] , M. Schwartz [11] ): Let F(X) be the abelian group of constructible functions over X and H * (X) the Borel-Moore homology group: F and H * are covariant functors. It is proved in [8] that there is a unique natural transformation C * : F(X) → H * (X) such that if X is nonsingular, then C * (1 1 X ) = c(T X) ⌢ [X]. Here 1 1 X is the constant function 1 over X and c(T X) is the total Chern (cohomology) class of the tangent bundle. The total homology class C * (X) := C * (1 1 X ) is called the Chern-SchwartzMacPherson class of X. In particular, its 0-dimensinal component (the degree) coincides with χ(X) for compact varieties X. We can also work in a purely algebraic context over a field of characteristic 0 (see Kennedy [5] ), then the homology is replaced by the Chow group A * (X). Based on the above theory C * , the author [10] introduced the equivariant ChernMacPherson transformation C G * for possibly singular varieties with actions of an algebraic group G, that will be reviewed in §2.
A particular interest arises in the n-th symmetric product S n X of a complex variety X (the quotient of X n = X × · · · × X (n times) via the n-th symmetric group S n with the action permuting the factors). There is a well-known formula due to I. G. Macdonald [7] :
We realize the "Chern class version" of Macdonald's formula in the formal product ∞ n=0 z n H * (S n X; Q), being a commutative and associative graded ring with the cross product multiplication ⊙ (see §3):
Here D is the notation indicating diagonal operators: Its "n-th power" D n means the homomorphism of homology groups induced by the diagonal embedding ∆ n : X → ∆X n ⊂ X n . As our convention (see Subsection 3.3), we set
for c ∈ H * (X) (the coefficient of z n is a finite sum, so this makes sense). The "0-dimensional part" of (2) , that is, the series with coefficients in 0-dimensional homology, gives (1) . The formula next to (2) is
whose 0-dimensional part coincides with the known generating function of χ orb (X n ; S n ), see [4] (C orb functions contain the Chern class c(T X) and D n regarded as the Gysin homomorphism.
More generally, given a group A, the canonical orbifold Chern classes of S n X associated to (all S n -representations of ) A is introduced ( §2, (2.3)), and we show the following exponential formula: For any positive integer r, let Ω A (r) (resp. Ω A ) denote the set of all subgroups B of index |A : B| = r (resp. subgroups of finite index) and j r (A) := |Ω A (r)|, the number of the subgroups of index r. Theorem 1.1. Assume that j r (A) < ∞ for any r. Then it holds that
When X = pt, this theorem gives the same formula generating the numbers 1 |Sn| |Hom(A, S n )| as in Wohlfahrt [16] (Problem 5.13 in [12] ; [17] ). The above (2) and (3) are typical examples where A = Z and Z 2 respectively. For A = Z m , this gives a "class version" of the generating function formula for χ m (X n ; S n ) given in [2] and [13] (see Examples 3.10, 4.4).
There is a certain G-version of the above theorem. For simplicity, we assume that G is a finite group, and let X be a G-variety. We study the action on X n of the wreath product G n (= G ∼ S n ) and G n -representations: Theorem 1.2. Let G be a finite group, and A a group so that j r (A) < ∞ and |Hom(B, G)| < ∞ for any subgroup B of finite index. Then it holds that
Obviously, when G = {e}, this coincides with Theorem 1.1. Taking X = pt again, this formula coincides with an exponential formula (Müller [9] ) on the numbers of G n -representations (see Remark 4.3 below).
Finally we remark two things: If we restrict our attention to the Euler characteristics only, other reasonable categories (finite CW complices, real semi-algebraic or subanalytic sets, etc) can be treated, and then the above results are formulated for the integral based on Euler characteristics in the sense of Viro [15] . Second, we should mention about other characteristics: Recently a unified theory of natural transformations appeared in BrasseletShürmann-Yokura [1] : It unifies certain "class versions" of Euler characteristic, sigunature and χ y -characterisitc. Our arguments are mostly carried in the level of constructible functions and hence those can be automatically repeated in the level of the relative Grothendieck ring K 0 (Var C /X), a key ingredient of the theory in [1] . Thus, applying their transformation, it would be possible to obtain similar type generating function formulae for BaumFulton-MacPherson's total Todd homology classes for S n X (and versions associated to S n -representations of A).
Review on equivariant Chern classes
2.1. Natural transformation. ( [8] , [10] ). Let G be a complex linear algebraic group, and X a complex algebraic variety with an algebraic action of G. We always assume that X is G-embeddable, that is, it admits a closed equivariant embedding into a G-nonsingular variety (working in the context over arbitrary base field k of characteristic 0, we assume X is a quasi-projective variety with a linearlized action). As a remark, the "quotient" X/G is no longer a variety in general but is a quotient stack.
A constructible function over X is a function α : X → Z which is written (uniquely) as a finite sum α = a i 1 1 W i for some subvarieties W i in X and a i ∈ Z, where 1 1 W means the characteristic function taking value 1 over W and 0 otherwise (After §3, we will consider only the case of rational coefficients, a i ∈ Q). The integral of α over X is given by X α := a i χ(W i ).
Let F(X) be the group of constructible functions over X and F G inv (X) the subgroup consisting of all G-invariant constructible functions (α(g.x) = α(x) for any g ∈ G, x ∈ X). By definition any invariant function is uniquely expressed by a linear combination 1 1 W i for some invariant reduced schemes W i . For a proper G-equivariant morphism f : X → Y , we define the pushforward
Even if f is not proper, the sum in the right hand side may make sense, then we also use the same notation. Given another proper G-morphism g :
is defined by Totaro [14] , Edidin-Graham [3] using an algebraic version of the Borel construction. It satisfies naturally expected properties, for instance, it admits the equivariant fundamental class
is isomorphic if X is nonsingular. We consider the case of 2n−i ≥ 0 throughout, namely we deal only with G-invariant cycles in X, not "G-equivariant" cycles.
Both of F G inv and H G * become covariant functors for the category of complex G-varieties and proper G-morphisms. Here we state the main theorem in [10] but in a bit weaker form:
There is a natural transformation between these covariant funtors
We mean by a natural transformation that C G * satisfies the following properties:
Elementary Properties.
We note here some properties which are easily checked (see [10] ):
When X is compact, taking the pointed map pt : X → {pt}, the degree of C * (α) is defined to be the integer pt * C G * (α) ∈ H G 0 (pt) = Z, which is equal to X α. Then, in particular, if α = 1 1 X , the degree is χ(X) and the top component is the G-fundamental class:
There is a homomorphism i * : H G * (X) → H * (X) induced by the inclusion i of X onto a fibre of the universal bundle X × G EG → BG (see [3] , [10] ). If X/G is a variety, the pushforward induced by the projection π : X → X/G makes sense (we denote the homomorphism F G inv (X) ⊂ F(X) → F(X/G) by π * ), and then the following diagram commutes
In particular, if G is a finite group, the right vertical map π * • i * is an isomorphism within rational coefficients Q (see Theorem 3 [3] ).
Change of groups.
Let H be a subgroup of G with dim G/H = k. Then, natural isomorphisms φ F and φ H are defined in an obvious way so that the following diagram commutes:
Cross product. The equivariant homology admits the cross (exterior) product ([3]
). The exterior product of α ∈ F G inv (X) and β ∈ F G inv (Y ) is defined to be α × β(x, y) := α(x) · β(y). Then, it follows from the ordinary case ( [6] 
2.3. Canonical Chern classes. For simplicity we assume that G is a finite group. Let A be a group so that Hom(A, G) is a finite set. For any ρ ∈ Hom(A, G), we set X ρ(A) := g∈ρ(A) X g in a set-theoretic sense, more precisely, X ρ(A) is the reduced scheme (or the underlying reduced analytic space) of the fixed point set of the action of ρ(A) on X. 
, which we call the canonical quotient (orbifold) Chern classes of X associated to A (we use the word "orbifold" when X/G is a variety).
The value at x ∈ X, 1 1
In a typical case that A = Z m , we simply denote the associated function by 1 1
X/G , called the m-th canonical function. Since a representation Z m → G uniquely corresponds to a mutually commuting m-tuple (g 1 , · · · , g m ) of G, the integral over X coincides with the definition of the orbifold Euler characteristics given in [2] , [13] :
Its canonical Chern class generalizes the number χ m (X; G) as being its degree (2.2.2). Using the property 2.2.3 (for a finite group G), it is straightforward that π * (1 1
by the definition of pushforward π * and |G| = |G.x| · |Stab x (G)|. In fact, for
Hence the canonical class C G * (1 1
X/G ) is identified with the ordinary Chern-SM class C * (X ) of the variety X through π * i * within rational coefficients (2.2.3).
Remark 2.3. As to the notation in the formula (3) in Introduction, we set
C orb * (X ) := π * i * C G * (1 1 (2) X/G ) ∈ H * (X ; Q).
Even if two quotients give the same variety, X = X/G = Y /H, the data of stabilizers may be different, and thus their m-th canonical functions are not equal in general except for m = 1 (see Example 4.4).
3. Symmetric products 3.1. Formal power series. We work on symmetric products, that is the quotient via the action of S n on the cartesian product X n of a complex variety X, σ(
. From now on, we deal with F and H * with rational coefficients and omit the notation ⊗ Q.
where σ * is the pushforward induced by σ : X m+n → X m+n . Also for homologies, ⊙ is defined in the same manner. This yields commutative and associative graded Q-algebras of formal power series
We denote α ⊙ · · · ⊙ α (c times) by α c or α ⊙c . For a proper morphism f : X → Y , the n-th cartesian product f n : X n → Y n is a S n -equivariant map, and it hence induces
as well the homology case. It is easy to see that f sym * is a homomorphism of algebras (it preserves the multiplication).
By definition, when X = pt,
], the ring of formal power series with rational coefficients. The integral of a power series of constructible functions is defined by
We also define Proof: First, we show that
Recall the property 2.2.4 (Change of groups) of C G * in §2. Here we think of G = S m+n and H = S m × S n , H acts on G (from the left), X m and X n in an obvious way. Then we have 
Also for the equivariant homology we have τ H in the same way. The composed map actually coincides with the ⊙-product up to a scalar multiple:
In fact, for x ∈ X m+n ,
as well be the homology case. Then by 2.2.5, 2.2.4 and the naturality,
Thus the equality (4) 
Cycle types.
A collection c = [c 1 , · · · , c n ] of non-negative integers satisfying n i=1 ic i = n is called a cycle type of weight n. We associate to a cycle type c three numbers, weight, length and cardinality, respectively,
A representation ρ : A → S n (an action of A on {1, 2, · · · , n} and hence on X n ) causes the orbit-decomposition of the n points. So we say that ρ is of type c = [c 1 , · · · , c n ] if the decomposition consists of c k subsets (orbits) having exactly k points. For c of weight n, let Hom(A, S n ; c) denote the set of S n -representations of type c.
In particular, Hom(Z, S n ; c) is identified with the set of permutations of type c, that is, a conjugacy class in S n . As known, this conjugacy class consists ♯c elements.
Remind that the canonical function for A is 1 1
taken over all S n -representations ρ, and that j r (A) denotes the number of subgroups with index r. We let 1 1 ∆X n (∈ F Sn inv (X n )) denote the characteristic function of the diagonal ∆X n ⊂ X n .
Lemma 3.4. The canonical function 1 1 (A)
X n /Sn is equal to the sum
taken over all cycle types of weight n.
Proof: This is elementary. Set θ r := 1 1 (X r ) τ (A) taken over all transitive actions τ of A on r points {1, · · · , r}. It is enough to show the following equalities (summing up (2) over all c completes the proof):
Hom(A,Sn;c)
It is well known (cf., [12] ) that the number of transitive actions of A on r points is given by (r − 1)!j r (A) (in fact, given a subgroup B with index r, an order of proper cosets of A/B, say A = B ∪ B 2 ∪ · · · ∪ B r , gives a transitive action on r points so that elements in B i send 1 to i). It follows from the transitivity that 1 1 (X r ) τ (A) = 1 1 ∆X r , thus (1) is proved. To show (2), note that every element ρ in Hom(A, S n ; c) is uniquely obtained from a decomposition of n points into disjoint subsets according to the type c and a choice of a transitive action on each of the subsets. Then, for such ρ, there are exactly (r!) cr c r !(=: q) permutations σ such that 1 1
which is just the sum of 11 (X n ) ρ(A) over all ρ of type c but taken account of q times for each ρ, thus (2) 
where ∆ n : X → X n is the diagonal inclusion map, ∆ n (x) := (x, · · · , x), regarded to be S n -equivariant (with the trivial action on X). We call a formal power series in zD, U = 
given by
. We also define a formal diagonal operator as a formal series T = n! T ⊙n for T with zero constant term, as well log(1 + T ). Obviously,
Convention: Since we use functions exp and Log only, the following convention would not cause any confusion
• T in both cases of constructible functions and homologies. In particular, and T commute to each other:
The following diagram commutes: (1) holds. Since S n acts on X trivially, C Sn * for X coincides with the ordinary C * : F(X) → H * (X), and hence the naturality implies that C Sn
Remark 3.8. We may denote a formal operator by
as well homologies). This is given as follows: for
For example,
. Likely as Proposition 3.7, the naturality and the compatibility are clear also in this sense.
3.4.
Generating functions. Now we are ready to prove Theorem 1.1 in Introduction.
Proposition 3.9. It holds that
Taking a i = j i (A), then Lemma 3.4 shows the assertion. 
5). Now look at the typical case that
Thus, according to our convention of the notation, Proposition 3.9 says
and applying C sym * to this gives
The formulae (2) and (3) 
Example 3.11. In the following cases, j r (A) are easily counted. Thus we have the Chern class formulae. Let p be a prime number.
(1) A = Z/dZ, the cyclic group of order d:
(2) A = Z p = lim ← Z/p k Z, the (additive) group of the p-adic integers:
We may call the right-hand side "the Artin-Hesse exponential for the Chern class of X".
Wreath Products
We discuss on a G-version of C sym *
. Although the combinatorics looks much involved than the case of S n , the construction is rather straightforward. Let G be a finite group and X a G-variety.
4.1.
Action of wreath products. Let G n be the direct product of n copies of G and its element is denoted byḡ = (g 1 , · · · , g n ). The direct product of groups G n × S n acts on X n in an obvious way: (ḡ, σ) sends (
The wreath product, denoted by G n (or G ∼ S n ), is defined as the semi-direct product of G n and S n with the multiplication (h, σ)(ḡ, τ ) := (h · σ(ḡ), στ ), where σ(ḡ) :=ḡ • σ −1 = (g σ −1 (1) , · · · ). The action of G n on X n is given as
If the quotient X (:= X/G) exists as a variety, then the direct product and the wreath product acting on X n give the same quotient, S n X , the n-th symmetric product of X .
We denote a G n -representation ρ : A → G n of a group A as ρ = (ρ, σ) whereρ(a) ∈ G n , σ(a) ∈ S n for a ∈ A. We say that ρ is of type c = [c 1 , · · · , c n ] if the second factor σ gives a S n -representation of cycle type c. For any c of weight n, we denote by Hom(A, G n ; c) the set of G nrepresentations of A of type c.
Formal power series. At first we set
It is easy to see that they become commutative and associative graded Qalgebras by mean of the multiplication
for α ∈ F Gm inv (X m ) and β ∈ F Gn inv (X n ) (as well the homology case). For a proper G-morphism f : X → Y , the pushforward f G,sym * is immediately defined. 
as well the homology case,
If G = {e}, this D n coincides with the previous n-th diagonal operator in 3.3. Obviously, D n (α) is also a function invariant under the action of the direct product G n × S n . Thus, if the quotient exists (the projection is denoted by π : X → X := X/G), then the following diagram commutes:
Using the above D n and ⊙ G , formal diagonal operators are defined in the same way as before: Remark 3.8) . These formal operators T enjoy the same properties as in Proposition 3.7 (the proof is the same). In particular, the following diagram commutes:
Recall the definition of canonical constructible functions, 1 1
We will show in the next subsection the following formula: provides the Chern class formula; in particular, we recover Tamanoi's formula [13] :
(1 − z r ) −j(m−1;r) χm(X;G) .
Let us compare the above wreath product G n with the direct product G n × S n . Suppose that X := X/G is a variety, then the quotients of X n via G n and G n × S n are the same, that is, S n X . As seen in Remark 2.3, π * 1 1
X/G = 1 1 X and (π n ) * 1 1
X n /Gn = 1 1 S n X = (π n ) * 1 1
X n /G n ×Sn . Moreover, (π n ) * 1 1 
points is σ) has the following unique form with respect to a choice {a i } (we put a 1 = g 1 = e, the identity element) : for a ∈ A, h ∈ H and 1 ≤ i ≤ r, 
